Dirac fermions are at the forefront of modern condensed matter physics research. They are known to occur in materials as diverse as graphene, topological insulators, and transition metal dichalcogenides, while closely related Weyl fermions have been discovered in other materials. They have been predicted to lend themselves to a variety of technological applications, while the recent prediction and discovery of the quantized anomalous Hall effect of massive Dirac fermions is regarded as a potential gateway towards low-energy electronics. Some materials hosting Dirac fermions are natural platforms for interlayer coherence effects such as Coulomb drag and exciton condensation. The top and bottom surfaces of a thin topological insulator film provide such a prototype system. Here we describe recent insights into Coulomb drag between two layers of Dirac fermions relying primarily on topological insulator films as a minimal model. We consider both non-magnetic topological insulators, hosting massless Dirac fermions, and magnetic topological insulators, in which the fermions are massive. We discuss in general terms the dynamics of the thin-film spin density matrix, outlining numerical results and approximate analytical expressions where appropriate for the drag resistivity ρ D at low temperatures and low electron densities. In magnetic topological insulators with out-of-plane magnetizations in both the active and passive layers we analyze the role of the anomalous Hall effect in Coulomb drag. Whereas the transverse response of the active layer is dominated by a topological term stemming from the Berry curvature, we show that neither the topological mechanism nor disorder renormalizations associated with it contribute to Coulomb drag. Nevertheless, the longitudinal drag force in the passive layer does give rise to a transverse drag current that is independent of the active-layer magnetization. It depends non-monotonically on the passive-layer magnetization, exhibiting a peak that becomes more pronounced at low densities. All of these observations can be verified in the laboratory. We compare results for topological insulators with results for graphene, identifying qualitative and quantitative differences, and discuss generalisations to multi-valley systems, ultra-thin films and electron-hole layers.
Introduction
The energetic study of Dirac fermions in condensed matter physics is currently in full bloom and is driven primarily by the realization of their considerable potential for spin electronics, thermoelectricity, magnetoelectronics and topological quantum computing [1] . Exotic physical phenomena associated with Dirac fermions have been identified in materials ranging from Preprint submitted to Journal of Physics and Chemistry of Solids September 4, 2017 graphene [2] to topological insulators, [3] transition metal dichalcogenides [4] and Weyl and Dirac semimetals. [5] [6] [7] The linear dispersion of massless Dirac fermions has aroused considerable interest experimentally [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and theoretically [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Among Dirac fermion systems, three-dimensional topological insulators (TIs) stand out as a novel class of bulk insulating materials exhibiting conducting surface states with a chiral spin texture [2, 3, [35] [36] [37] [38] [39] [40] [41] , with the surface carriers being massless Dirac fermions. Magnetic topological insulators, hosting massive Dirac fermions, have also been successfully manufactured [12, 42, 43] .
Time-reversal symmetry breaking gives Dirac fermions a finite mass and results in a non-trivial Berry curvature [4, [44] [45] [46] [47] , which is at the root of the anomalous [28, 48] and quantum anomalous Hall effects [49] detected in these materials [50] [51] [52] . In magnetic TI slabs a dissipationless quantized anomalous Hall effect has been discovered [52] [53] [54] [55] , which has already been harnessed successfully [56] , stimulating an intense search for device applications. In a related context hybrid TI/superconductor junctions have been fabricated [57, 58] , in which topological superconductivity and Majorana fermions may be present [59, 60] .
Three-dimensional topological insulator slabs are inherently two-layer systems naturally exhibiting interlayer coherence effects such as Coulomb drag [61] [62] [63] , in which the charge current in one layer drags a charge current in the adjacent layer through the interlayer electron-electron interactions, as shown in Fig. 1 .
Physically, Coulomb drag is caused by the transfer of momentum between electrons in different layers due to the interlayer electron-electron scattering. It constitutes an experimental probe of electron-electron interactions [61, 64, 65] and has recently attracted con- siderable attention in massless Dirac fermion systems such as graphene [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] . A significant motivation for the intensive experimental effort dedicated to Coulomb drag in Dirac fermion systems is the search for exciton condensation in electron-hole bilayers [64, . At the same time Coulomb drag of massive Dirac fermions is associated with an important question: if topological terms are present in the drag current they could be exploited in longitudinal transport, potentially enabling a topological transistor.
In this article we discuss Coulomb drag of both massless and massive Dirac fermions. We take as our prototype model the surface states of 3D topological insulators and we consider two cases: (i) massless Dirac fermions, in which neither layer is magnetized; (ii) massive Dirac fermions, in which an out of plane magnetization exists in each layer, but no external magnetic field. The physics discussed is therefore that of 2D Dirac fermions: the effects are driven by the electrons in the surface conduction band(s) of a topological insu-lator. Case (i) provides a useful contrast to graphene.
Unlike graphene, in TIs the spin and orbital degrees of freedom are coupled by the strong spin-orbit interaction, TIs have an odd number of valleys on a single surface, and the relative permittivity is different, while in known band TIs screening is qualitatively and quantitatively different, since it does not involve the interplay of the layer and valley degrees of freedom. All these features impact the drag current. We introduce a density matrix method to calculate the Coulomb drag current in topological insulator films, which fully takes into account the spin degree of freedom and interband coherence. The drag resistivity in case (i) takes the analytical
where k B is the Boltzmann constant, A is the TI spinorbit constant, r s is the Wigner-Seitz radius (effective fine structure constant) which represents the ratio of the electrons' average Coulomb potential and kinetic energies, d is the layer separation and n a,p are the electron densities in the active and passive layers, respectively.
For a single-valley system r s = e 2 /(2π 0 r A), with r the relative permittivity. Whereas the full numerical results are more complicated, the same trends are present as in the analytical formula.
Case (ii) is significantly more complicated. The drag current in the passive layer has a longitudinal component and a Hall component, which can be measured separately. The Hall drag current in principle has contributions from (i) the longitudinal current in the active layer via a transverse drag force, (ii) the Hall current in the active layer, which may be termed direct Hall drag (Fig. 2) . Contribution (i) represents straightforward longitudinal charge transport in the presence of impurities
Contributions to the drag current in magnetic TIs. The electric field x gives rise to a longitudinal ( j x ) and an anomalous
Hall ( j AHE ) current in the active layer. In the passive layer there are four contributions to the drag currents: j ll is the longitudinal current dragged by j x ; j lh is the transverse current dragged by j AHE ; j hl is the anomalous Hall current generated by j ll ; while j hh is the anomalous 
k , the band index s k = ± with + the conduction band and − the valence band.
The single-particle HamiltonianĤ 1e =Ĥ 0 +Ĥ E +Û, whereĤ 0 is the band Hamiltonian defined in Eq. (2),
·r is the electrostatic potential due to the driving electric field withr the position operator and U the disorder potential, which is assumed to be a scalar in spin space. Adding the two-particle interaction term we write the total Hamiltonian asĤ =Ĥ 1e +V ee with 
The dielectric function of the coupled layer system is
in which the polarization function is obtained by summing the lowest bubble diagram and takes the form
with f
0 (ε ks ) the equilibrium Fermi distribution function and F ss kk We take a Bi 2 Se 3 film as an example, with r,Bi2S e3 ≈ 100, grown on a semiconductor substrate with r,s ≈ 11.
For k F d 1, the film is thick, and the two surfaces are independent [124] . For the top surface, where one side is exposed to air, r,top = ( r,Bi2S e3 + 1)/2 ≈ 50.
For the bottom surface r,btm = ( r,Bi2S e3 + r,s )/2 ≈ 55.
Both are independent of d. For k F d 1, the film is ultrathin and can be approximated as a pure 2D system, The many-body density matrixF obeys the quantum Liouville equation [126] dF dt
The one-particle reduced density matrix is the trace
Its k-diagonal part can be written as a 4 × 4 matrix in the joint spin/layer pseudospin subspace, and we refer to this matrix as f k . To second order in the electron-electron interaction, f k satisfies [107] 
The termĴ ee ( f k ) in Eq. (7) represents intralayer and interlayer electron-electron scattering operator. Since the intralayer electron-electron scattering does not contribute to the drag current, we concentrate on the interlayer term which is the matrix form of operatorĴ ee ( f k ),
where L 2 is the area of the 2D system and the quantities
, given explicitly in the Table 1, are functions of the occupations of the active and passive layers respectively. The interlayer momentum transfer Table 1 : 
the equilibrium density matrix of each magnetic layer. The electron-impurity scattering integral iŝ
kk , where denotes the average over impurity configurations. In
with σ 0 is 2 × 2 unit matrix and σ x,y,z are Pauli matrix. We should transform Eq. 10 from eigenstates representation (ER) to that of of σ z (ordinary representation, OR) with
and for any 2 × 2 matrix M,
In σ z representation, according to the contributions to various drag currents, the electron-electron scattering term is divided into
where ll,lh,hl,hh represent contributions to the four drag current components in Fig. 2 .
The above encapsulates the philosophy or our approach: to begin with, we consider an external electric field applied to the active layer, we solve for the with the current operator yields the drag current.
Massless Dirac fermions
Physically the drag current is a result of the rectification by the passive layer of the fluctuating electric field created by the active layer [64] . At low temperatures the predominant contribution to drag is due to intraband processes near the Fermi surface. When the Fermi level is finite, i.e. above the Dirac point, electrons take more energy to transition from the valence band to the conduction band than to transition within the conduction band or valence band, and with a small excitation energy the channel involving interband transitions becomes inaccessible [69] . The small interlayer momentum transfer and excitation energy is the dominant part of the spectrum contributing to the drag current.
The longitudinal drag conductivity σ D is
where Imχ l (q, ω) is the imaginary part of nonlinear susceptibility and β = 1 k B T . Using standard approximations we can express the drag resistivity analytically as where σ a,p is the longitudinal conductivity of each layer.
In Fig. 4(a) we present numerical results for the dependence of the Coulomb drag resistivity on the electron number density. The drag resistivity displays a
This trend of an increasing quantitative failure of the asymptotic analytical drag formula for small k F d has also been noted in graphene [68, 69, 71] and 2DEG systems [64, 65] . The analytical result becomes more accurate with increasing k F d.
In Fig. 4 
Massive Dirac fermions
In a magnetic system the current in the active layer has a longitudinal and a Hall component, the latter being a result of the anomalous Hall effect. The principal mechanisms behind the anomalous Hall effect are: [28, 48] (i) a topological mechanism related to spin precession under the combined action of spin-orbit coupling and the external electric field, which is strongly renormalized by scalar scattering (ii) three spin-dependent scattering mechanisms, which were shown to be of secondary importance in TIs, and will not be considered further. The drag current correspondingly has a longitudinal component and a Hall component, which can be measured separately. If we regard the current in the active layer as giving rise to an effective drag force, it is natural to ask which components of this drag force make the most sizable contribution to the drag current.
Indeed, if we focus on the Hall component of the drag current we identify two potential contributions having physically distinct origins. Firstly, the longitudinal cur-9 rent in the active layer can give rise to a transverse drag force in the passive layer, resulting in a Hall current.
Secondly, the Hall current in the active layer, stemming from a topological mechanism, can itself directly drag a
Hall current in the passive layer, in what may be termed direct Hall drag.
We divide the drag current into four contributions, corresponding to the picture presented in Fig. 2 in the introduction. The electric field x gives rise to a longitudinal ( j x ) and an anomalous Hall ( j AHE ) current in the active layer. In the passive layer there are four contributions to the drag currents: j ll is the longitudinal current dragged by j x ; j lh is the transverse current dragged by j AHE ; j hl is the anomalous Hall current generated by j ll ;
while j hh is the anomalous Hall current generated by j lh , and it flows longitudinally. In the regime M a,p ε F , which is applicable to all samples studied experimentally, the longitudinal drag conductivity σ xx D does not depend on the magnetization of either layer, and has the same form as in Eq. (14) . Next, the transverse drag We examine the dependence of the anomalous Hall drag resistivity on additional experimentally measurable parameters. In Fig. 6(a) Experimentally, for TI films in the large-surface limit, non-topological contributions from the bulk and the side surface are negligible, [130] and we expect the effects described in this work to be observable. Aside from commonly used materials such as Bi 2 Se 3 and Bi 2 Te 3 , a small-gap three-dimensional TI has also been identified in strained HgTe. The TI surface states in this material are, however, spatially extended and could be peaked quite far from the wide quantum well edges, reducing the effective 2D layer separation. [123] Our theory predicts that in a sample in which the active layer is undoped, so that it produces no longitudinal current but only a quantized anomalous Hall current, there will be no drag current at all in the passive layer. systems, which have a single edge state, are a subset of quantum spin-Hall systems, which have two chiral edge states. The QAHE can also be understood as a charge imbalance between chiral edge states. Hence one expects the drag current to vanish quite generally at zero doping in quantum anomalous Hall systems. The model used in this work, which is also applicable to quantum spin-Hall systems, can be used to calculate explicitly the edge contribution (Supplement). In complete agreement with the bulk formulation described above, when our model is applied to the edge states it yields zero drag.
Yet the edge states are poorly defined at high doping,
, which is the focus of this work. In addition, the Dirac fermions studied here live in TIs, which have only one shared edge between the top and bottom surfaces, making it tricky to describe thicker samples using an edge state model. In fact, at zero doping, the TI drag experiment is not well defined, since in that parameter regime leakage into the sidewall states is unavoidable.
Experimentally, for TI films in the large-surface limit, non-topological contributions from the bulk and the side surface are negligible [130] , and we expect the effects described in this work to be observable. Aside from commonly used materials such as Bi 2 Se 3 and Bi 2 Te 3 , a small-gap three-dimensional TI has also been identified in strained HgTe. The TI surface states in this material are, however, spatially extended and could be peaked quite far from the wide quantum well edges, reducing the effective 2D layer separation [123] .
It is well known that the undoped limit of a magnetic topological insulator is a special case. Hall effect is associated with a set of chiral edge modes which are well-defined at zero doping (and only then).
In this subsection we demonstrate that an effective onedimensional model for the edge modes at zero doping yields the same result as the two-dimensional model, and gives additional physical insight.
To this end we consider the broader case of Coulomb drag between two identical quantum spin-Hall systems, each with one Kramers pair on its edge. A current I 1 is driven along the upper edge of the lower quantum spin-Hall system and through electron-electron interactions a voltage V 2 is induced in the lower edge of the upper quantum spin-Hall system. Each quantum spin-Hall edge state can be described by Hamiltonian H k = Ak x σ z , and the edge dispersion is
where k = k xêx for 1D-case and P Ĵ ( f (l) k ) = 0. In the meantime, the direct inter-layer electron-electron scattering term of Eq. (8) becomes
If the distribution function is the equilibrium one,
In QSH 1D-case, the wave function over- and bottom surfaces, making it tricky to describe thicker samples using an edge state model. In fact, at zero doping, the TI drag experiment is not well defined, since in that parameter regime leakage into the sidewall states is unavoidable.
Beyond topological insulator films
The focus of the paper up to now has been on thin films of topological band insulators in which both layers are doped with the same type of carrier, that is, either electron-electron or hole-hole layers. Our conclusions can straightforwardly be extended to structures beyond those considered thus far. We will now discuss the necessary modifications for treating the cases of multivalley TIs and ultra-thin films, the possibility of exciton condensation, and massive Dirac fermions beyond magnetic topological insulators.
Certain materials, such as the topological Kondo insulator SmB 6 , have more than one valley. In this case, a valley degeneracy factor g v will need to be introduced.
In the following, we will fix the electron density n. The polarisation Π ∝ √ g v , while the susceptibility χ ∝ g v , thus the screening function (q, ω) is proportional to g v [132] . The drag current, and hence the drag conductivity, will remain the same as in the single-valley case.
For the drag resistivity, based on Eq. (14) we will get the linear g v dependence because σ a,p ∝ 1/ √ g v . Note that there will be an intervalley impurity scattering contribution if short-range disorder is present in the system, but this will simply result in a renormalisation of the scattering time tau by an intervalley scattering term.
The case of ultra-thin films deserves special attention.
When the TI film is ultra thin tunnelling is enabled between the top and bottom surfaces. The tunnelling between the surface states on the top and bottom surfaces may open an energy gap in the energy spectrum [32] .
In this case, the massless Dirac Hamiltonian H (l) 0k needs to be augmented by a series of tunnelling terms, and is generally written as:
where τ matrices represent the layer pseudospin space, with τ z = 1 symbolising the up surface and τ z = −1 the bottom surface. Hereẑ is the unit vector in the direction of z, and the term t represents the tunnelling matrix element between two opposite topological surfaces. After the direct diagonalization, the energy spectrum of the TI thin film is given by k = ± √ t 2 + A 2 k 2 , which has a gap of size 2t. The disorder scattering term becomes:
where γ = θ k − θ k is the angle between the incident and scattered wave vectors. Note that the density matrix entering this term is the full density matrix f k of the double-layer system, rather than its projection onto each individual layer. Two limiting cases can be identified:
weak tunnelling t ε F and strong tunnelling t ε F .
For weak tunnelling, t Ak F , the carrier wave functions are overwhelmingly located in one of the two layers (surfaces), and the notion of Coulomb drag can be retained to a good approximation. The effect of tunnelling can be taken into account perturbatively. For example, the momentum relaxation time
Interlayer tunnelling slightly decreases the momentum relaxation time. Screening is qualitatively different [32] , but for weak t it is a good approximation to retain the screening function defined in Eq. (4). We expect, rigorously,
. The numerics display a similar trend.
For strong interlayer tunnelling t ∼ Ak F the notion of Coulomb drag is not applicable to the thin film system.
In this case, the carrier wave functions spread over the two layers, hence the picture of the Coulomb interaction causing charges in one layer to drag charges in the other is no longer valid. The main effect of electron-electron interactions will be through the Coulomb renormalization of the conductivity [32] . We note, however, that the film needs to be extremely thin for the tunnelling gap to be noticeable [133] , therefore we expect realistic samples to lie in the weak tunnelling limit.
When the active layer is doped with electrons and the passive layer is doped with holes, or vice-versa, exciton condensation may occur. This effect is driven by an exchange term in the interlayer Coulomb interaction.
In principle, for interlayer exchange to be nonzero tunnelling also has to be nonzero, but one can think of a situation in which the tunnelling is negligible but the exchange is not. The interesting problem concerning the way exciton condensation impacts ρ xx has been considered in great detail in Ref. [134] , where it was shown that the drag resistivity exhibits an upturn at low temperatures described by a logarithmic dependence on the temperature.
The theory of Ref. [134] has recently been shown to be a good description of experimental observations in graphene [135] , where an exciton condensate phase has been identified, with the critical temperature estimated at 10 -100mK. This estimate was for a sample grown on a GaAs substrate, in which the effective dielectric constant is expected to be r ≈ 6, whereas in current TI films the lowest experimentally reported r ≈ 30 [125] , largely due to screening by the unavoidable bulk of the film. These observations suggest that the critical temperature in TI films could be at least an order of magnitude smaller than in graphene, placing it in the range 1 -10 mK, which would make exciton condensation rather difficult to detect experimentally in currently available samples.
Massive Dirac fermions are also found in graphene with a staggered sublattice potential, and MoS 2 thin films where inversion symmetry is broken. The band
Hamiltonian for a single layer is given by H M the effect vanishes altogether.
Conclusions
We have discussed a complete picture of Coulomb layer there is no drag current at all. In a doped system the transverse drag current has a non-monotonic dependence on the magnetization of the passive layer, with a peak at a value of the magnetization that becomes pronounced at lower densities.
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